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introduced by the first author in [8]. In this paper, we discuss the
languages accepted and not accepted by an SDVFA of order (s, t).
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1. Introduction

The notion of SDVFA of order (s, t) has already been introduced by
the first author in [8]. In this paper, we study the languages accepted and
not accepted by an SDVFA of order (s, t). We begin with the definition of
SDVFA of order (s, t) [8].

Definition 1.1. A semi-deterministic virtual finite automaton (SDVFA) of
order (s, t) is a finite automaton that can make atmost “s”(s ≥ 1) transi-
tions on receiving a real input and atmost “t”(t ≥ 0) transitions on virtual
input (or no input). (Zero transition means the automaton remains in the
same state).

Remark 1.1. For an SDVFA having n states, we have the following:

(i) If s = 1 and t = 0, then an SDVFA of order (1, 0) is simply a DFA
[1, 2, 6].

(ii) If s = 1 and t = n, then an SDVFA of order (1, n) is simply a VDFA
[7].

(iii) If s = n and t = 0, then an SDVFA of order (n, 0) is simply an NFA
[1, 2, 6].

(iv) If s = n and t = n, then an SDVFA of order (n, n) is simply an ε-NFA
[1, 2, 6].

We formally define a semi-deterministic virtual finite automaton
(SDVFA) of order (s, t) as follows:
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Definition 1.2. A semi-deterministic virtual finite automaton (SDVFA) of
order (s, t) consists of

1. A finite set of states (including the dead state) often denoted by Q.

2. A finite set of input symbols including the empty string symbol ε.
This is often denoted by Σ ∪ {ε}. Σ is called real alphabet.

3. A transition function δ(s,t) that takes as arguments a state and an
input symbol. On real input symbol i.e. if the symbol is a member
of real alphabet Σ, δ(s,t) returns a set of atmost “s” states while on
virtual input ε, the transition function returns a set of atmost “t”
states.

4. A start state S which is one of the states in Q.

5. A set of final or accepting states F . The set F is a subset of Q. Dead
state is never an accepting state and it makes a transition to itself on
every possible input symbol.

We can also denote an SDVFA of order (s, t) by a “five tuple” notation:

V = (Q, Σ ∪ {ε}, δ(s,t), q0, F )

where V is the name of the SDVFA, Q is the set of states, Σ ∪ {ε} is the
set of input symbols, δ(s,t) is the transition function, q0 is the start state
and F is the set of accepting states.

2. SDVFA Languages

An SDVFA of order (s, t) can be used as devices to recognize (accept)
sentences in a language. Let O = {0, 1} be the output alphabet of an
SDVFA of order (s, t). A state is said to be an accepting state if its output
is 1. A state is said to rejecting state if its output is 0. Consequently,
an input sequence is said to the be accepted by the SDVFA of order (s, t)
if it leads the machine from the initial state to an accepting state. On the
other hand, an input sequence is said to be rejected by the SDVFA of
order (s, t) if it leads the machine from the initial state to a rejecting state.
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Example 2.1. Fig. 2.1 shows an SDVFA of order (1, 0) that accepts all
binary sequences that end with the digits 001. When an SDVFA is used
as an acceptor, the states of the SDVFA are divided into only two classes,
viz., accepting and rejecting states. Therefore, we introduce the slightly
simpler notation of circling the names of the accepting states instead of
writing down the output of each state as in Fig.2.1 where accepting state
D is represented by a double circle.

00

11

BB

AA

CC

DD

00

11

11

11

00

00

Fig. 2.1

A language is said to be an SDVFA if there is an SDVFA of order
(s, t) that accepts exactly all sentences in the language. Thus, according
to above example, the language consisting of all binary sequences that end
with 011 is an SDVFA language. Clearly, any given SDVFA of order (s, t)
defines an SDVFA language. On the other hand, a given language might
or might not be an SDVFA. We see this fact with the help of following
examples.
Example 2.2. Consider the language L = {akbk|k ≥ 1}. This language is
not an SDVFA language.
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To prove this, let us assume the contrary i.e. there exists an SDVFA of
order (s, t) that accepts the sentence in L. Suppose this machine has N

states. Clearly, the machines accepts the sentence aNbN . Starting from
the initial state, the machine will visit N states after receiving the N a′s

in the input sequence as shown in Figure 2.2(a), where sj0 is the initial
state and sj1 , sj2 , · · · , sjN are the states, the machine is in after receiving
the sequence aN . Also, sj2N is the state, the machine is in after receiving
the sequence aNbN . Clearly, sj2N is an accepting state. According to the
”Pigeonhole” principle, among N + 1 states sj0 , sj1 , sj2 , · · · , sjN , there are
two of them that are the same. Suppose the machine visits state sk twice
as shown in Fig 2.2(b) and there are x a’s between the first and the second
visit to state sk, then the sequence aN−xbN which is not a sentence in the
language will also be accepted by the finite state machine. Consequently,
we can conclude that the language L is not an SDVFA language.

N︷ ︸︸ ︷
a a a a a a a · · · a a a a

N︷ ︸︸ ︷
b b b b b b b b · · · b b b b

sj0 sj1sj2 · · · · · · · · · · · · sjN · · · · · · · · · · · · · · · sj2N

Fig. 2.2(a)

N︷ ︸︸ ︷
a a a a a a a · · · a︸ ︷︷ ︸

x

a a a

N︷ ︸︸ ︷
b b b b b b b b · · · b b b b

sj0 sj1 · · · sk · · · · · · sk · · · sjN · · · · · · · · · · · · sj2N

Fig. 2.2(b)

Example 2.3. Consider the language L = {ak|k = i2, i ≥ 1}. This lan-
guage is not an SDVFA language.

To prove this, let us assume that there is an SDVFA of order (s, t) that
accepts language L. Let N denote the number of states in the SDVFA. Let
i be an integer that is sufficiently large such that

(i + 1)2 − i2 > N.

Consider the situation depicted in Figure 2.3. Since between the i2th a and
the (i + 1)2th a , the SDVFA will visit a certain state sk more than once,
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removal of the a’s between these two visits will yield a sequence that will
also be accepted by the SDVFA. However, this sequence is not a sentence
in the language because it contains more than i2 but less than (i + 1)2 a’s.
Thus, we conclude that L is not an SDVFA language.

(i+1)2︷ ︸︸ ︷
i2︷ ︸︸ ︷

a a a a · · · a a a a a a · · · a a a · · · a a

s0 · · · · · · sk · · · sk · · · sf

Fig. 2.3

Now, we present a theorem which gives the criteria for testing the
SDVFA languages.

Theorem 2.1. Let L be an SDVFA language accepted by an SDVFA of
order (s, t) with N states. For any sequence α whose length is N or larger
in the language, α can be written as uvw such that v is nonempty and uviw

is also in the language for i ≥ 0, where vi denotes the concatenation of i

copies of the sequence v. (In other words, uw, uvw, uvvw, uvvvw, · · · are all
in the language).

Proof. Without any loss of generality, let the length of α be N . Let
α = a1a2a3 · · ·aN . Let sj0 , sj1 , sj2 , · · · , sjN denote the states of the SD-
VFA where sj0 is the initial state and sjN is an accepting state. Again,
among the N + 1 states sj0 , sj1 , sj2 , · · · , sjN there are two of them that are
the same. Suppose that is state sk, as shown in Fig. 2.4. If we divide
α into three segments as shown in Fig. 2.4, we realize that the sequences
uw, uvw, uvvw, uvvvw, · · · , uviw, · · · will all lead the SDVFA from the ini-
tial state sj0 to the accepting state sjN .

u︷ ︸︸ ︷
a1 a2 a3 · · · ap

v︷ ︸︸ ︷
· · · aq

w︷ ︸︸ ︷
· · · aN

sj0 sj1 sj2 sj3 · · · sk · · · sk · · · sjN

Fig. 2.4
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4. Conclusion

In this paper, we have discussed the languages accepted and not ac-
cepted by an SDVFa of order (s, t)
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